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.2013.07.0Abstract An analysis is carried out to study the effects of variable thermo-physical properties on
an unsteady MHD ﬂow and heat transfer of an Ostwald–de Waele ﬂuid over a stretching surface.
The thermo-physical properties, namely, viscosity and thermal conductivity of the ﬂuid are assumed
to vary with temperature. Using similarity transformation, the governing partial differential equa-
tions are converted into coupled, non-linear ordinary differential equations with variable coefﬁ-
cients. The resulting non-linear equations are solved numerically by a second-order ﬁnite
difference scheme known as the Keller-box method for various values of the pertinent parameters.
Also, the numerical results are obtained for special cases and are found to be in good agreement
with those of the results available in the literature. Further, the results obtained reveal many inter-
esting behaviors that warrant further study of the equations related to non-Newtonian ﬂuid phe-
nomena, especially the shear-thinning phenomena. Shear thinning reduces the wall shear stress.
 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
The ﬂuid dynamics due to a stretching surface has gained inter-
est in the recent past due to its technological applications in
several engineering/industrial processes. Examples are numer-8687862.
o.in (K.V. Prasad).
Shams University.
g by Elsevier
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09ous and they include the cooling of an inﬁnite metallic plate
in a cooling bath, the boundary layer along material handling
conveyers, the aerodynamic extrusion of plastic sheets, paper
production, glass blowing, metal spinning, drawing plastic
ﬁlms, and polymer extrusion. Sakiadis [1] was the ﬁrst among
the others to consider the boundary layer ﬂow at a continuous
solid surface with constant speed. Crane [2] extended the work
of Sakiadis [1] to the ﬂow caused by an elastic sheet moving in
its own plane with a velocity varying linearly with the distance
from a ﬁxed point. This work was later extended by many
authors [3–6] by considering the ﬂow, heat, and mass transfer
under different physical situations. These investigators, how-
ever, restricted their analyses to the ﬂow of Newtonian ﬂuids.in Shams University.
Figure 1a Schematic of an extrusion processes.
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petroleum, blood, and polymer solutions are considered as
non-Newtonian ﬂuids. Among several non-Newtonian models,
the most popular rheological model for non-Newtonian ﬂuid is
the power-law or Ostwald–de Waele model. The power-law
model provides an adequate representation of many non-New-
tonian ﬂuids over the most important range of shear rates.
This together with its apparent simplicity has made it a very
attractive model for both analytical and numerical research.
The rheological equation of the state between the stress com-
ponents sij and strain components eij is deﬁned by Vujannovic
et al. [7],
sij ¼ pdij þ K
X3
m¼1
X3
l¼1
elmeml


n1
2
eij; ð1Þ
where p is the pressure, dij is Kronecker delta, and K and n are,
respectively, the consistency coefﬁcient and the power-law in-
dex of the ﬂuid. Andersson et al. [8] and Cortell [9] studied
the boundary layer ﬂow of an electrically conducting incom-
pressible ﬂuid obeying the power-law model in the presence
of transverse magnetic ﬁeld. Howell et al. [10] examined the
momentum and heat transfer occurring in the laminar bound-
ary layer on a continuously moving and stretching surface in a
non-Newtonian power-law ﬂuid. These studies dealt with
stretching sheet where the ﬂows were assumed to be steady.
However, in reality, the ﬂow and heat transfer can be unsteady
due to a sudden stretching of the ﬂat sheet or by a step change
of the temperature of the sheet or when the surface is impul-
sively stretched with certain velocity, the ﬂow is developed
instantaneously. But, the ﬂow in the viscous layer near the
sheet is developed slowly, and it becomes fully developed stea-
dy ﬂow after a certain time. Elbashbeshy and Bazid [11] pre-
sented a similarity solution for the boundary layer equations,
which describe the unsteady ﬂow and heat transfer over a
stretching sheet and extended by Abd El-Aziz [12] for some
physically realistic phenomena. Mukhopadhyay [13] analyzed
the effect of variable ﬂuid properties on the unsteady ﬂuid ﬂow
and heat transfer over a stretching sheet in the presence of suc-
tion. Recently, a numerical study has been carried out by
Sheikholeslami and Ganji [14], and Sheikholeslami et al. [15]
on the modeling of natural convection heat transfer in nanoﬂ-
uids. The inﬂuence of chemical reaction on heat and mass
transfer by natural convection from a vertical stretching sur-
face was investigated theoretically by Abd El-Aziz and Salem
[16]. But most of these studies are based on the constant ther-
mo-physical properties of the ambient ﬂuid. However, it is
known [17] that these properties may change with temperature,
especially the ﬂuid viscosity and the thermal conductivity. To
accurately predict the ﬂow and heat transfer rates, it is neces-
sary to take into account the variation of thermal conductivity
and the viscosity. Available literatures [18–22] on the variable
thermo-physical properties show that the effects of variable
ﬂuid properties have not been investigated for unsteady non-
Newtonian Ostwald–de Waele ﬂuid over a stretching sheet.
Motivated by these investigations and their applications, in
the present article, the authors examine the effects of the var-
iable ﬂuid properties on the MHD ﬂow and heat transfer of
Ostwald–de Waele ﬂuid induced by an accelerating unsteady
stretching sheet in the presence of viscous dissipation and
internal heat generation/absorption. The governing non-linear
partial differential equations of the problem are transformedinto a system of non-linear, coupled ordinary differential equa-
tions with variable coefﬁcients. The system of equations with
the appropriate boundary conditions are solved numerically
by an implicit ﬁnite difference scheme known as the Keller-
box method for several sets of values of the physical parame-
ters. Typical results for the temperature and velocity proﬁles,
skin friction and wall-temperature gradient are presented
through graphs and tables for several sets of values of the gov-
erning parameters. Also, the numerical results for the skin fric-
tion and the wall-temperature gradient are compared with the
available results in the literature for different values ofMn and
n in the absence of thermo-physical properties and are found
to be in very good agreement.
2. Mathematical formulation
Consider the ﬂow of an unsteady two-dimensional ﬂow of an
incompressible viscous homogenous electrically conducting
non-Newtonian power-law ﬂuid obeying Ostwald–de Waele
model past an impermeable long continuous sheet which is
being issued from a slot (shown in Fig. 1) coinciding with
the plane y= 0 and the ﬂow being conﬁned to y> 0. The
moving of the continuous sheet is taken up by a wind-up roll.
The assumption is also made that a certain time has elapsed
after the initiation of motion, so that steady state condition
prevails. Any ﬂow disturbance created by the roll is neglected.
An observer ﬁxed in space will note that the boundary layer on
the sheet originates at the slot and grows in the direction of the
motion of the sheet. The origin is located at the slit through
which the sheet is drawn through the ﬂuid medium, the x-axis
is taken in the direction of the ﬂow along the sheet and y-axis is
normal to it. Two equal and opposite forces are applied along
the x-axis, so that the sheet is stretched, keeping the origin
ﬁxed. The continuous sheet assumed to vary with a velocity
Uw and having a prescribed surface temperature Tw at the solid
surface, and the ﬂuid moves in the x-direction with a velocity
(u-component) equal to the velocity of the solid surface,
whereas at increasing distance from the surface, the velocity
of the ﬂuid in the x-direction approaches to zero asymptoti-
cally. It is envisaged that the ﬂow approaches the sheet with
zero angle of incidence and the sheet issues from a slot at
the origin. The velocity and the temperature of the plate are as-
sumed to be
Uw ¼ bx=ð1 atÞ; ð2Þ
Figure 1b Schematic of an extrusion processes and different physical situations.
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5
2b2n=2c1; ð3Þ
where b and a are positive constants, n is the power-law index,
bx/(1  at) is the effective stretching and Tw is the sheet tem-
perature. It is apparent to note that the above expressions
are valid for time t< 1/a. The thermo-physical ﬂuid properties
are assumed to be isotropic and constant, except for the ﬂuid
viscosity and the ﬂuid thermal conductivity which are assumed
to vary as a function of temperature as follows:
1
l
¼ 1
l1
½1þ dðT T1Þ; ð4Þ
kðTÞ ¼ k1 1þ eT T1DT
 
; ð5Þ
where l1 and k1 are respectively the ambient viscosity and
the thermal conductivity of the ﬂuid. e= (kw  k1)/k1 is
known as the variable thermal conductivity parameter, T is
the temperature of the ﬂuid, and DT= Tw  T1 is the temper-
ature difference. Eq. (4) can be written as
1
l
¼ aðT TrÞ; ð6Þ
where a ¼ d
l1
and Tr ¼ T1  1d ; ð7Þ
with a and Tr are being constants and their values depend on
the reference state and the thermo-physical property of the
ﬂuid, i.e., d: In general, a> 0 for liquids and a< 0 for gases.
Also, hr, is a constant which is deﬁned by
hr ¼ Tr  T1DT ¼ 
1
dDT
: ð8Þ
It is worth mentioning here that when dﬁ 0, i.e., l= l1
(constant), then hrﬁ1. It is also important to note that hr
is negative for liquids and positive for gases when (Tw  T1)
is positive (see [18]). This is due to the fact that the viscosity
of the liquid usually decreases with increasing temperature,
while it increases for gases. The ﬂow region is exposed underthe inﬂuence of an external magnetic ﬁeld of strength B0 in
the positive y-direction, which is assumed to be variable and
is chosen in the special form as
B0ðtÞ ¼ B0ð1 atÞ1=2: ð9Þ
This form of B0(t) has also been considered by Anjali Devi
and Thyagarajan [6] while analyzing the MHD ﬂow over an
unsteady stretching surface. The induced magnetic ﬁeld is neg-
ligible, which is a valid assumption on a laboratory scale under
the assumption of small Reynolds number and zero external
electric ﬁeld. Under these assumptions and the usual boundary
layer approximations, the velocity and the temperature ﬁelds
of the non-Newtonian Ostwald–de Waele ﬂuid are governed
by the following equations of mass, momentum, and energy:
@u
@x
þ @
@y
¼ 0; ð10Þ
@u
@t
þ u @u
@x
þ @u
@y
¼ @
@y
1
q1
sxy
 
 rB
2
0ðtÞ
q1
u; ð11Þ
@T
@t
þ u @T
@x
þ @T
@y
¼ 1
q1cp
@
@y
kðTÞ @T
@y
 
þ Q
q1cp
ðT T1Þ þ lðTÞq1 cp
@u
@y
 nþ1
; ð12Þ
where u and are the velocity components along the x- and
y-directions respectively, q1 is the density, and sxy is the shear
stress. The shear stress is given by
sxy
q1
¼ l  @u
@y
 n
¼ l1½1þ dðT T1Þ 
@u
@y
 n
; ð13Þ
where l is the absolute viscosity, l1 is the dynamic viscosity of
the ambient ﬂuid, and n is the power-law index. As n deviates
from unity, the ﬂuid becomes non-Newtonian: For example,
n< 1 and n> 1 corresponding to shear thinning (pseudo
plastic) and shear thickening (dilatants) ﬂuids respectively,
and for n= 1, it is simply the Newtonian ﬂuid. Several ﬂuids
studied in the literature fall into the range of 0 < n 6 2. The
160 K. Vajravelu et al.term in the right hand side of Eq. (13), i.e., the shear rate (ou/
oy) has been assumed to be negative throughout the entire
boundary layer, since the stream-wise velocity component u
decreases monotonically with the distance y from the moving
surface. A rigorous derivation and subsequent analysis of the
boundary layer equations for power-law ﬂuids were recently
provided by Denier and Dabrowski [23]. They focused on
boundary layer ﬂow driven by free stream U(x)  xm which
is of the Falkner–Skan type. Such boundary layer ﬂows are
driven by a stream wise pressure gradient  dp
dx
¼ q dU
dx
, set up
by the external free stream outside the viscous boundary layer.
In the present context, no driving pressure gradient is present.
Instead, the ﬂow is driven solely by a ﬂat surface which moves
with a prescribed velocity Uw and r is the electrical conductiv-
ity. In Eq. (12), T is the temperature, cp is the speciﬁc heat at
constant pressure, and k(T) is the temperature dependent var-
iable thermal conductivity (Eq. (5)). For liquid metals, the
thermal conductivity varies linearly with temperature in the
range 0–400 F [21]. The term containing Q in Eq. (12) repre-
sents the temperature-dependent volumetric rate of heat source
when Q> 0 and heat sink when Q< 0: These deal with the
situation of exothermic and endothermic chemical reactions,
respectively. Substituting (2)–(9) into the (11), (12), we obtain
@u
@t
þ u @u
@x
þ @u
@y
¼ l1
@
@y
1
½1þ dðT T1Þ 
@u
@y
 n 
 rB
2
0ðtÞ
q1
u; ð14Þ
@T
@t
þ u @T
@x
þ @T
@y
¼ 1
q1cp
@
@y
k1 1þ eT T1DT
 
@T
@y
 
þ Q
q1cp
ðT T1Þ þ l1q1cp
 1½1þ dðT T1Þ
@u
@y
 nþ1
: ð15Þ
The appropriate boundary conditions are
u ¼ Uw ¼ 0 T ¼ Tw at y ¼ 0; ð16Þ
u! 0; T! T1 as y!1; ð17Þ
where Uw and Tw are the surface velocity and temperature of
the stretching sheet, respectively. We introduce the following
dimensionless variable f(n) and h(n) as well as the similarity
variable n as
w ¼ ðb12n=c1Þ
1
nþ1x
2n
nþ1ð1 atÞ12nnþ1 fðnÞ; ð18Þ
T ¼ T1 þ ðTw  T1ÞhðnÞ; ð19Þ
n ¼ ðb2n=c1Þ
1
nþ1x
1n
nþ1ð1 atÞn2nþ1y: ð20Þ
In Eq. (18), the stream function w(x, y, t) is deﬁned by
u= ow/oy and = ow/ox, such that the continuity Eq. (10)
is satisﬁed automatically (here, c1= l1/q1 is the kinematic
viscosity, and a1= k1/q1Cp is the thermal diffusivity). In
terms of these new variables, the momentum and the energy
equations together with the boundary conditions become
2n
nþ 1 f f
00  f02
 
 ðf00Þn 1 h
hr
 1 !0
 A f0 þ 2 n
nþ 1 nf
00
 
Mnf0 ¼ 0; ð21Þðð1þ ehÞh0Þ0  APr 5
2
 n
 
hþ 2 n
nþ 1 nh
0
 
þ PrEc 1 h
hr
 1
ðf00Þnþ1 þ Pr 2n
nþ 1 fh
0 þ bh
 
¼ 0; ð22Þ
and
fð0Þ ¼ 0; f0ð0Þ ¼ 1; f0ð1Þ ¼ 0; ð23Þ
hð0Þ ¼ 1; hð1Þ ¼ 0; ð24Þ
where prime denotes differentiation with respect to n, and
hr = 1/d(Tw  T1) is the ﬂuid viscosity parameter. It is
important to note that larger value of hr implies that d or
(Tw  T1) is small, and the effects of variable viscosity can
thus neglected. On other hand, for a smaller value of hr either
the ﬂuid viscosity change markedly with temperature or the
operating temperature difference is high. In either case, the
variable viscosity effect is expected to become very important.
Further, A= a/b is the dimensionless measure of the unstead-
iness, Mn ¼ rB20=q1b is the magnetic parameter,
Pr ¼ ðUw=a1ÞRe2=ðnþ1Þx is the generalized Prandtl number for
power-law ﬂuids, Ec ¼ U2w=CpðTw  T1Þ is the Eckert number
and b= Q/q1cpb is the heat source/sink parameter. It is worth
mentioning here that the momentum boundary layer problem
deﬁned by the ODE (21) subject to the boundary conditions
(23) is de-coupled from the thermal boundary layer problem,
while the temperature ﬁeld is on the other hand coupled with
the velocity ﬁeld. Further, for a Newtonian ﬂuid with constant
thermal conductivity n= 1, e= 0, A= 0 and hrﬁ1, Eqs.
(20) and (21) reduce to those of Anjali Devi and Thyagarajan
[6]. However, for the non-Newtonian power-law ﬂuids, when
there is no heat transfer, Eq. (21) reduces to that of Andersson
et al. [8]. Further, when the unsteady parameter and the Eckert
number are absent, and hrﬁ1, Eqs. (21) and (22) are similar
to the ones studied by earlier researchers for Newtonian ﬂuid
case. For practical purposes, the physical quantities of interest
include the velocity components u and , the local skin friction
coefﬁcient Cfx, and the local Nusselt number Nux. These phys-
ical quantities can be written as
u ¼ Uw f0; ¼ UwRe
2
nþ1
x
2n
nþ 1 fþ
1 n
1þ n nf
0
 
; ð25Þ
Cfx ¼ 2sxy
q1U
2
w
¼ 2hr
hr  1Re
1
nþ1
x ½f00ð0Þn; Nux
¼ 1
2
ð1 atÞ12Re
nþ2
nþ1
x h
0ð0Þ; ð26Þ
where Rex ¼ U2nw xn=c1 and sxyq1 ¼ l @u@y
 
aty¼0
are the local Rey-
nolds number and the shear stress, respectively.
3. Numerical procedure
By using a similarity transformation, the governing equations
of the problem are reduced to a system of coupled, non-linear
ordinary differential equations, which are solved numerically
by the Keller-box method [24]. This method is unconditionally
stable and has a second order accuracy with arbitrary spacing.
The numerical solutions can be obtained in the following four
steps:
0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
θ
r
 = - 1.0, - 5.0, - 10.0f '
η
n = 0.8, n = 1.0,  n = 1.2
Figure 2a Horizontal velocity proﬁles for different values of n
and hr with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1
when A= 0.0.
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equations;
 Write the difference equations using central differences;
 Linearize the algebraic equations by Newton’s method, and
write them in matrix–vector form; and
 Solve the linear system by the block tri-diagonal elimination
technique.
For the sake of brevity, further details of the solution pro-
cess are not presented here. It is also important to note that the
computational time for each set of parametric values should be
short. The physical domain of the problem is unbounded,
whereas the computational domain is ﬁnite, we apply the far
ﬁeld boundary conditions for the similarity variable n at a ﬁ-
nite value denoted by nmax. We ran bulk of our computations
with the value nmax = 8 which is sufﬁcient to achieve the far
ﬁeld boundary conditions asymptotically for all values of the
parameters considered. For numerical calculations, a uniform
step size of Dn= 0.01 is found to be satisfactory and the solu-
tions are obtained with an error tolerance of 106 in all cases.
To assess the accuracy of the present method, comparison of
the skin friction and the wall-temperature gradient between
the present results and the previously published results are
made, for several special cases (see Tables 1 and 2) and found
very good agreement.
4. Results and discussion
Numerical computations are carried out for several sets of val-
ues of the governing parameters, namely, the unsteady param-
eter A, the power-law index parameter n, the magnetic
parameter Mn, the variable thermal conductivity parameter
e, the heat source/sink parameter b, the ﬂuid viscosity param-
eter hr, the Prandtl number Pr, and the Eckert number Ec. In
order to illustrate the salient features of the ﬂow and heat
transfer phenomena, the numerical results are presented in
Figs. 2–8. These ﬁgures depict the changes in the horizontalTable 1 Numerical results of skin friction coefﬁcient f00ð0Þ for di
properties.
Mn Present work Andersson
n= 0.8 n= 1.0 n= 1.2 n= 0.8
0.0 1.034639 1.000149 0.987454 1.034
0.5 1.308875 1.224930 1.175000 1.308
1.0 1.544365 1.414249 1.333021 1.544
1.5 1.754095 1.581153 1.471513 1.754
2.0 1.945368 1.732062 1.596003 1.945
Table 2 Comparison of wall-temperature gradient h0(0) for d
b= A=Mn= 0.0 and hrﬁ 1.
Pr Present work Grubka and
0.72 0.463146 0.4631
1.0 0.583693 0.5820
3.0 1.165171 1.1652
10.0 2.307920 2.3080
100.0 7.769591 7.7657ﬂuid velocity and the ﬂuid temperature distribution. Variations
in the skin friction and the wall-temperature gradient for sev-
eral sets of the pertinent parameters are recorded in Table 3.
The horizontal velocity proﬁles f0 are shown graphically in
Figs. 2a–2d for different values of A, Mn, n, and hr. The gen-
eral trend is that f0 decreases monotonically as the distance in-
creases from the slit. The effect of increasing values of the ﬂuid
viscosity parameter hr is to decrease the momentum boundary
layer thickness. Also, as hrﬁ 0, the boundary layer thickness
decreases and the velocity distribution asymptotically tends
to zero (see Figs. 2a and 2b). This is due to the fact that, for
a given ﬂuid, when d is ﬁxed, smaller hr implies higher temper-
ature difference between the wall and the ambient ﬂuid. The
results presented in this paper demonstrate clearly that hr,fferent values of Mn and n in the absence of thermo-physical
et al. [8] Prasad et al. [20]
n= 1.0 n= 1.2 n= 0.8 n= 1.0 n= 1.2
1.000 0.989 1.03400 1.00000 0.98900
1.224 1.175 1.30860 1.22490 1.17520
1.414 1.333 1.54429 1.41440 1.33306
1.581 1.471 1.75406 1.58100 1.47150
1.732 1.595 1.94588 1.73200 1.59599
ifferent values of the Prandtl number Pr when Ec= e=
Bobba [4] Chen [5] Ali [19]
0.46315 0.4617
0.58199 0.5801
1.16523 1.1599
2.30796 2.2960
– –
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η
n = 0.8, n = 1.0,  n = 1.2
Figure 2d Horizontal velocity proﬁles for different values of n
andMn with e= 0.01, Ec= 0.01, Pr= 1.0, b= 0.1, hr = 5.0
when A= 0.5.
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A = 4.0, 2.0, 0.0
η
f '
n = 0.8, n = 1.0,  n = 1.2
Figure 2c Horizontal velocity proﬁles for different values of n
and A with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1
when hr = 5.0.
0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
f ' θ
r
 = - 1.0, -5.0, - 10.0
η
n = 0.8, n = 1.0,  n = 1.2
Figure 2b Horizontal velocity proﬁles for different values of n
and hr with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1
when A= 0.5.
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n = 0.8, n = 1.0,  n = 1.2
θ
η
Figure 3a Temperature proﬁles for different values of n and hr
with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1 when
A= 0.0.
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ture, has a substantial effect on the horizontal velocity f0 and
hence on the skin friction. Further, the effect of increasing val-
ues of the unsteady parameter A is to decrease f0. The effect of
increasing power-law index parameter n is to reduce the hori-
zontal velocity and thereby reduces the boundary layer thick-
ness, i.e., the thickness is much larger for shear thinning
(pseudo plastic) ﬂuids (0 < n< 1) than that of the Newtonian
ﬂuid (n= 1); and the shear thickening (dilatant) ﬂuids
(1 < n< 2), as clearly seen from Fig. 2c. The effect of the
magnetic parameter Mn on the horizontal velocity proﬁle is
to decrease it. That is, an increase in the magnetic parameter
has a tendency to create a drag, known as the Lorentz force,
which tends to resist the ﬂow. This behavior is true even in
the case of shear thickening and shear thinning ﬂuids (see
Fig. 2d).In Figs. 3–8, the numerical results for the temperature h(n)
for several sets of values of the governing parameters are pre-
sented. The general trend is that the temperature distribution is
unity at the wall. However, the temperature distribution tends
asymptotically to zero as nﬁ1 for all values of the governing
parameters. Figs. 3a and 3b, respectively, exhibit the combined
effects of the power-law index and the ﬂuid viscosity parameter
on the temperature proﬁles for both the cases, namely, zero
and non-zero values of an unsteady parameter. The effect of
increasing values of the power-law index n leads to thinning
of the thermal boundary thickness. This behavior is very much
noticeable in shear thinning and shear thickening ﬂuids. Fur-
ther, from Figs. 3a and 3b, we notice that the effect of increas-
ing values of the ﬂuid viscosity parameter hr is to enhance the
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Figure 3b Temperature proﬁles for different values of n and hr
with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1 when
A= 0.5.
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Figure 3c Temperature proﬁles for different values of n and A
with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1 when
hr = 5.0.
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Figure 3d Temperature proﬁles for different values of n and Mn
with e= 0.01, Ec= 0.01, Pr= 1.0, b= 0.1, hr = 5.0 when
A= 0.5.
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Figure 4 Temperature proﬁles for different values of n and e
with Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1, hr = 1.0 when
A= 0.5.
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ues of the unsteady parameter. This is due to the fact that an
increase in the ﬂuid viscosity parameter hr results in an increase
in the thermal boundary layer thickness. Further, the effect of
increasing values of unsteady parameter A is to reduce the tem-
perature and hence reduces the thermal boundary layer thick-
ness (see Fig. 3c), whereas the effect of the magnetic parameter
is to enhance the temperature (Fig. 3d). This is because of the
fact that when a transverse magnetic ﬁeld is applied to an elec-
trically conducting ﬂuid gives rise a resistive force, known as
the Lorentz force. This force makes the ﬂuid to experience a
resistance by increasing the friction between its layers and
due to which there is an increase in the value of the tempera-
ture in the boundary layer.The effects of variable thermal conductivity parameter e on
the temperature proﬁle h(n) in the boundary layer for different
types of ﬂuids, namely, shear thinning, Newtonian and shear
thickening ﬂuids are shown graphically in Fig. 4. From the
graphical representation, we observe that the temperature dis-
tribution is lower throughout the boundary layer for zero val-
ues of e as compared with non-zero values of e. This is due to
the fact that the presence of temperature-dependent thermal
conductivity results in reducing the magnitude of the trans-
verse velocity by a quantity ok(T)/oy, and this can be seen from
the energy equation. The graphs for the temperature distribu-
tion h(n) for various values of the Prandtl number Pr and the
power-law index n are plotted in Fig. 5. From the graphs, we
observe that an increase in Pr results in a monotonic decrease
in the temperature distribution and it tends to zero as the
distance increases from the elastic sheet. It is noteworthy that
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Figure 5 Temperature proﬁles for different values of n and Pr
with e= 0.01, Ec= 0.01, Mn= 0.5, b= 0.1, hr = 5.0 when
A= 0.5.
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Figure 7 Temperature proﬁles for different values of n and b
with e= 0.1, Ec= 0.01, Pr= 1.0, Mn= 0.5, hr = 5.0 when
A= 0.5.
164 K. Vajravelu et al.the temperature vanishes at the free surface for sufﬁciently lar-
ger values of the Prandtl number. This is analogs to the situa-
tion in a steady/unsteady state aerodynamic boundary layer in
an inﬁnite ﬂuid medium at high Prandtl number. That is, the
thermal boundary layer thickness decreases for higher values
of the Prandtl number. This holds good for all values of
power-law index n.
Fig. 6 depicts the temperature distribution h(n) for different
values of Ec. An increase in the value of Ec is to increase the
temperature distribution h(n). This is in conformity with the
fact that energy is stored in the ﬂuid region as a consequence
of dissipation due to viscosity and elastic deformation. Fig. 7
exhibits the temperature distribution h(n) for different values
of heat source/sink parameter b for all ﬂuids considered here,0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
Ec  = 0.0, 0.4, 0.8 
n = 0.8, n = 1.0,  n = 1.2
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Figure 6 Temperature proﬁles for different values of n and Ec
with Mn= 0.5, e= 0.1, Pr= 1.0, b= 0.1, hr = 5.0 when
A= 0.5.namely, shear thinning, Newtonian and shear thickening ﬂu-
ids. From this ﬁgure, we observe that the temperature distribu-
tion is lower throughout the boundary layer for negative
values of b (heat sink) and higher for positive values of b (heat
source). Physically b> 0 implies Tw > T1, i.e., there will be a
supply of heat to the ﬂow region from the wall. Similarity
b< 0 implies Tw < T1 and there will be a transfer of heat
from the ﬂow to the wall. The effect of increasing the values
of the heat source/sink parameter b is to increase the temper-
ature proﬁle h(n). However, minimum temperature distribu-
tion is observed in shear thickening as compared to
Newtonian or Shear thinning ﬂuids.
Numerical results for the skin friction coefﬁcient f00(0) and
the Nusselt number h0(0), as a function of unsteady parameter0.0 0.1 0.2 0.3 0.4 0.5
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Figure 8 Values of f00(0) and h0(0) for different values of hr and n
with e= 0.01, Ec= 0.01, Mn= 0.5, Pr= 1.0, b= 0.1.
Table 3 Values of the skin friction coefﬁcient f00(0) and wall-temperature gradient h0(0) for different values of the pertinent parameters.
Pr Ec e Mn b hr A= 0.0 A= 0.5
n= 0.8 n= 1.0 n= 1.2 n= 0.8 n= 1.0 n= 1.2
f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0)
1.0 0.01 0.1 0.5 0.1 ﬁ1 1.308347 0.345998 1.224784 0.386147 1.174995 0.413076 1.471440 0.854360 1.366251 0.842011 1.301526 0.822276
10.0 1.389185 0.333382 1.291658 0.374005 1.232347 0.401299 1.571808 0.851401 1.446702 0.838686 1.368960 0.818609
5.0 1.462511 0.321764 1.352355 0.362743 1.284386 0.390341 1.664808 0.848713 1.520986 0.835652 1.431030 0.815251
1.0 1.730448 0.264116 1.596360 0.306524 1.504302 0.336094 2.397510 0.828837 2.079934 0.814239 1.879483 0.792387
1.0 0.01 0.1 0.5 0.2 5.0 1.476070 0.627410 1.361122 0.654401 1.290613 0.674481 1.670803 0.999425 1.255198 0.990221 1.434228 0.974666
0.0 1.468365 0.448054 1.356101 0.481933 1.287035 0.505920 1.666984 0.902082 1.522524 0.890643 1.432206 0.872266
0.2 1.453136 0.131840 1.346511 0.188473 1.280288 0.223179 1.662398 0.791254 1.519263 0.775997 1.429699 0.752865
1.0 0.01 0.1 0.0 0.1 5.0 1.159280 0.387501 1.107704 0.422914 1.081135 0.443522 1.389074 0.861939 1.302222 0.850018 1.251319 0.830160
0.5 1.462512 0.321764 1.352355 0.362743 1.284386 0.390342 1.664808 0.848713 1.520986 0.835652 1.431030 0.815251
1.0 1.720326 0.272195 1.557960 0.316567 1.454862 0.348458 1.906110 0.838931 1.710522 0.824887 1.586173 0.803831
1.0 0.01 0.0 0.5 0.1 5.0 1.463956 0.349711 1.353439 0.394308 1.285231 0.424496 1.666720 0.905849 1.522327 0.892723 1.432033 0.871733
0.1 1.462512 0.321764 1.352355 0.362743 1.284386 0.390342 1.664810 0.848713 1.520985 0.835652 1.431030 0.815251
0.2 1.461233 0.298126 1.351391 0.335975 1.283632 0.361337 1.663096 0.800334 1.519780 0.787325 1.430127 0.767415
1.0 0.0 0.1 0.5 0.1 5.0 1.462659 0.326842 1.352452 0.367574 1.284455 0.395028 1.664929 0.853258 1.521067 0.840147 1.431091 0.819754
0.2 1.459708 0.225442 0.350520 0.271067 1.283071 0.301403 1.662557 0.762445 1.519434 0.750339 1.429872 0.729769
0.4 1.456771 0.124377 1.348594 0.174818 1.281688 0.207991 1.660195 0.671836 1.517806 0.660710 1.428655 0.639948
1.0 0.01 0.1 0.5 0.1 5.0 1.462511 0.321764 1.352355 0.362743 1.284386 0.390342 1.664809 0.848713 1.520985 0.835652 1.431039 0.815251
3.0 1.486858 0.768693 1.370380 0.862052 1.298344 0.929918 1.689274 1.519633 1.538536 1.514479 1.444421 1.497747
5.0 1.501230 1.088279 1.380576 1.210217 1.306025 1.300386 1.703046 1.988546 1.548345 1.990334 1.451860 1.976863
10.0 1.522112 1.670012 1.395020 1.841267 1.316699 1.969076 1.723388 2.856444 1.562561 2.870764 1.462459 2.861902
Pr Ec e Mn b A hrﬁ 1 hr = 5.0
n= 0.8 n= 1.0 n= 1.2 n= 0.8 n= 1.0 n= 1.2
f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0) f00ð0Þ h0(0)
1.0 0.01 0.1 0.5 0.1 0.0 1.308347 0.345998 1.224784 0.386147 1.174996 0.413076 1.462512 0.321764 1.352355 0.362743 1.284386 0.390342
0.1 1.341323 0.481269 1.253763 0.505069 1.201195 0.518453 1.505132 0.466097 1.387848 0.489421 1.315326 0.502501
0.2 1.374175 0.594555 1.282418 0.605724 1.226941 0.608272 1.546427 0.583971 1.422296 0.594285 1.345337 0.596183
0.3 1.406844 0.691789 1.310728 0.693302 1.252240 0.687079 1.586686 0.683694 1.455898 0.684328 1.374568 0.677375
0.4 1.439278 0.777376 1.338677 0.771281 1.277099 0.757773 1.626109 0.770762 1.488769 0.763866 1.403112 0.749645
0.5 1.471440 0.854360 1.366251 0.842011 1.301526 0.822276 1.664808 0.848713 1.520986 0.835652 1.431030 0.815251
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166 K. Vajravelu et al.A and power-law index n for zero and non-zero values of ﬂuid
viscosity parameter hr are shown in Fig. 8 and some of them
are recorded in Table 3. Fig. 8 shows that for different values
of A and n, the values of f00(0) are negative: This means that the
surface exerts a drag force on the ﬂuid. As n increases, the skin
friction at the sheet increases. It is observed from Table 3 that
for a ﬁxed value of n the Nusselt number decreases as unsteady
parameter A increases. This is true even in the presence of ﬂuid
viscosity parameter hr. Increase in hr is to decrease the skin
friction and to enhance the Nusselt number as shown in
Fig. 8. From Table 3, we also analyze that the effects of the
ﬂuid viscosity parameter and the magnetic parameter is to de-
crease the skin friction and to enhance the wall-temperature
gradient. The effect of the unsteady parameter and the Prandtl
number is to reduce both the surface velocity gradient and the
wall-temperature gradient. The effect of heat source/sink
parameter, Eckert number is to increase the wall-temperature
gradient. Further, the effect of the power-law index is to en-
hance the skin friction and to reduce the wall-temperature gra-
dient. This behavior holds even in the presence of ﬂuid
viscosity parameter. All the results obtained here are consistent
with the physical situations.
5. Conclusion
From the numerical results obtained, some of the interesting
conclusions are as follows:
1. The effect of the variable viscosity parameter and the mag-
netic parameter is to reduce the velocity boundary layer
thickness, whereas to enhance the thermal boundary layer
thickness. This observation holds for all values of the
power-law index.
2. The effect of the unsteady parameter is to reduce the veloc-
ity as well as the thermal boundary layer thickness, even in
the presence of variable ﬂuid parameters.
3. The effects of the variable thermal conductivity parameter,
the heat source/sink parameter and the Eckert number are
to enhance, whereas the effect of the Prandtl number is to
reduce the thermal boundary layer thickness. This observa-
tion is true even in the presence of the unsteady parameter.
4. Of all the parameters, the variable thermo-physical prop-
erty parameters have strong effects on the skin friction,
the heat transfer characteristics, the horizontal velocity
component, and the temperature ﬁeld.Acknowledgements
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